We present a reliable scheme for engineering arbitrary motional ionic states through an adaptation of the projection synthesis technique for trapped-ion phenomena. Starting from a prepared coherent motional state, the Wigner function of the desired state is thus sculpted from a Gaussian distribution. The engineering process has also been developed to take into account the errors arising from intensity fluctuations in the exciting-laser pulses required for manipulating the electronic and vibrational states of the trapped ion. To this end, a recently developed phenomenological-operator approach that allows for the influence of noise will be applied. This approach furnishes a straightforward technique to estimate the fidelity of the prepared state in the presence of errors, precluding the usual extensive ab initio calculations. The results obtained here by the phenomenological approach, to account for the effects of noise in our engineering scheme, can be directly applied to any other process involving trapped-ion phenomena.
I. INTRODUCTION
In recent years, experimental advances in the domain of cavity quantum electrodynamics ͑QED͒ and trapped ions have motivated increasing interest in the engineering of nonclassical states. The preparation of quantum states constitutes a crucial step towards testing fundamentals of quantum mechanics, such as nonlocality and decoherence ͓1͔, and to the development of devices such as logic gates for implementing quantum computation ͓2͔. Theoretical schemes have been put forward for engineering arbitrary states of the radiation field, both trapped in high-Q cavities ͓3-6͔ and as a traveling wave ͓7,8͔, besides electronic and vibrational states of trapped ions ͓9-13͔.
In Refs. ͓3-5͔, the desired superposition of photonnumber state in a cavity field is engineered from the vacuum state, photon by photon. In the scheme of Vogel et al. ͓3͔ , resonant atom-field interactions are required to create a general single-mode resonator, while Parkins et al. ͓4͔ suggest a method using adiabatic transfer of Zeeman coherence, and Law and Eberly ͓5͔ have provided an approach without the need to prepare multilevel electronic superpositions. In Ref.
͓6͔ the authors, despite starting from a coherent state of the cavity field, do not provide a scheme for generating an arbitrary superposition state. In the traveling-wave domain, Barnett and Pegg ͓7͔ proposed a method to generate an arbitrary superposition of a zero-and one-photon field state, based on state truncation of traveling optical fields. A similar scheme for generating arbitrary quantum states of a traveling wave was proposed by Dakna et al. ͓8͔ .
Concerning the engineering of trapped-ionic states, a technique for preparing even and odd coherent motional states of a trapped ion, via laser excitation of two vibrational transition, has been described by de Matos Filho and Vogel
͓9͔.
Starting from the vacuum state as in Ref. ͓9͔, Kneer and Law ͓10͔ proposed a scheme for generating a general quantum entanglement of the electronic and vibrational states of a trapped ion, besides discussing the engineering of two vibrational degrees of freedom of a single-trapped ion. Brobný et al. ͓11͔ also provide a technique for deterministic preparation of two-mode vibrational states. A method for creating deterministic electronic Bell states of two-trapped ions was reported by Solano et al. ͓12͔ , presented a procedure to generate arbitrary discrete superpositions of vibrational coherent states.
The preparation of a variety of nonclassical states has been achieved in cavity QED ͓1,14,16͔ and trapped-ion phenomena ͓17,18͔. ''Schrödinger cat''-like states of both the radiation field trapped in superconducting cavities ͓1͔ and quantized-motional states of trapped ions ͓17͔ have been achieved experimentally. The preparation of pure photon number states of the radiation field has been recently reported ͓16͔.
The feasibility of engineering trapped-ionic states relies on the fact that decoherence of quantum superpositions can be made negligible by suppressing spontaneous emission using metastable transitions. Coherence of the atomic population survives for many Rabi cycles of the Jaynes-Cummings ͑JC͒ interaction ͓15͔, during which, at sufficiently low pressure, collisions with background atoms can also be avoided ͓19͔. Here we mention a recent, remarkable experimental achievement in which the decoherence of superposed motional states of a single-trapped ion was controlled through engineered-quantum reservoirs ͓20͔. To accomplish this, laser-cooling techniques have been considered to generate an effectively zero-temperature reservoir as suggested in Ref. ͓21͔ . Different from processes in cavity QED, where the cavity-damping mechanism is the source of errors and decoherence, in the domain of trapped ions it is assumed that the errors arise from fluctuating-electrical fields of the trap and intensity and phase fluctuations in the exciting laser pulses ͓22͔. Stochastic models have been proposed to deal with these sources of errors ͓23-26͔, and they are shown to be in good qualitative agreement with recent experiments. Recently, instead of a stochastic mechanism, Di Fidio and Vogel ͓27͔ proposed a model where the observed damping in Rabi oscillations ͓19͔ is caused by quantum jumps to an auxiliary electronic level. Other less important error sources in trapped ions, such as collisions with the background gas, are also present ͓23,28͔.
An advantage of engineering trapped-ionic states over cavity-field states is that the latter is a more demanding process. In fact, a bunch of two-level atoms are required to generate a cavity field, each atom being appropriately prepared by a Ramsey zone ͑in a particular superposition state͒, with its velocity selected before interacting with the cavity field, and detected before the passage of the subsequent atom ͓29͔. On the other hand, the preparation of an ionic state is designed by just switching laser pulses on and off, alternately, to manipulate the electronic and vibrational states of the trapped ion. However, we show here that the errors introduced by the intensity fluctuation in the exciting laser pulses has a severe effect on the engineered state, even more dramatic than the errors introduced by the cavity-damping mechanism when preparing a cavity-field state ͓31͔.
In this paper we present a scheme for engineering an arbitrary motional state of a trapped ion by the projection synthesis method, which was originally proposed in the traveling-wave domain ͓7͔ for the measurement of particular properties of the radiation field, such as its phase ͓32͔ or its Q function ͓33͔. This scheme consists of sculpting an arbitrary motional ionic state from a coherent motional state previously prepared in the ionic trap. The technique of sculpting an arbitrary state from a coherent superposition through the projection-synthesis technique was previously developed in the cavity QED domain ͓29͔. However, here we take advantage of the facility to manipulate trapped ions to make this process even more attractive in terms of experimental implementation. In the cavity QED domain, the sculpture technique ͓29͔ considerably improves previous schemes for generating an arbitrary state of the radiation field ͓3͔. Whereas in Ref. ͓3͔ N atoms are required to generate a field with a maximum number of photons equal to N, this technique requires about half of this number, exactly M ϭint͓(Nϩ1)/2͔. This is due to the fact that we begin our process from a coherent state previously injected into the cavity, instead of the vacuum state as in ͓3͔. So, instead of building up the desired state photon by photon, we proceed to sculpt an existing coherent state with an appropriate average excitation previously calculated. The situation is analogous to the present proposal for creating motional ionic states. Instead of requiring N steps to generate an arbitrary motional state with a maximum number of phonons equal to N ͓10͔, our technique utilizes just M steps, as in the cavity QED context.
We stress that in the present work we elaborate the engineering process of the vibrational ionic state in the realistic presence of noise. Following the reasoning in Ref. ͓23͔, we consider the noise arising from the intensity fluctuations of the laser pulses used to manipulate the electronic and vibrational states of the trapped ion. Thus, after discussing the fundamental interactions between the trapped ion and a classical field in Sec. II, we describe our technique for preparing the ionic-vibrational state in the ideal case ͑absence of noise͒ in Sec. III. In Sec. IV, we calculate the fidelity of a sculpted state under the effects of noise. Here, a phenomenologicaloperator approach ͓30,31͔ will be applied to account for the presence of noise in the engineering process. This approach has been developed precisely to compute the effects of noise in complex processes such as quantum state engineering and teleportation of quantum states; processes where the protocol requires several steps of quantum interactions. Through the phenomenological-operator approach, first developed in the domain of cavity QED ͓30,31͔, the effect of noise is introduced directly in the evolution of the state vector of the whole system, instead of turning to the evolution of the density operator as in the ab initio methods. In Sec. V we present a technique for optimizing the fidelity of the sculpted state that is based on an appropriate choice of the ion-laser interaction parameters in the expression of the sculpted state computed in the presence of noise. Also in Sec. V, we illustrate the scheme by sculpting a phase state and computing the fidelity-probability rate, a cost-benefit estimate for sculpting a desired state, as defined in Sec. III. Finally, in Sec. VI we give a summary and draw conclusions.
II. MODEL
We consider one single-trapped ion of mass m in a onedimensional harmonic trap whose frequency is . The ion has forbidden transitions between two internal electronic states ͑excited ͉↑͘ and ground ͉↓͘ states, taken as hyperfine sublevels of the ground state͒, separated by frequency 0 and indirectly coupled by interactions with two laser beams, of frequencies 1 and 2 , in a stimulated Raman-type configuration. As indicated in Fig. 1 , the laser beams are detuned by ⌬ from a third more excited level ͉r͘ that, in the stimulated Raman-type configuration, is adiabatically eliminated when ⌬ is much larger than all of the following: the linewidth of level ͉r͘, the coupling associated with the ͉↑͘↔͉r͘ and ͉↓͘↔͉r͘ transitions, and the detuning ␦ϵ 0 Ϫ L ( L ϭ 1 Ϫ 2 ) ͓34,35͔. The transition between ͉↓͘ and a fourth level ͉d͘, achieved by another laser strongly coupled to the electronic ground state, is considered in order to measure the ionic-vibrational state by collecting the resonance fluorescence signal, which is the probability of the ion being found in the internal state ͉↓͘ ͓18͔.
The Hamiltonian that describes the effective interaction of the quantized motion of the ionic center of mass ͑c.m.͒ with its electronic degree of freedom is ͓18,34͔ in a frame rotating at the ''effective laser frequency'' L (បϭ1),
where is the phase difference between the two lasers, ϩ ϭ͉↑͗͘↓͉, Ϫ ϭ͉↓͗͘↑͉ and z are the usual Pauli pseudospin 
ͱ2m
.
͑2͒
Here
being the wave vector for laser 1 (2), and i ជ is the unit vector in the direction of the trap axis . Written H in the interaction picture and then expanding the resulting Hamiltonian in terms of the Lamb-Dicke parameter we get
͑3͒
Assuming the Lamb-Dicke limit, for which Ӷ1, where the ionic c.m. motion is strongly localized with respect to the laser wavelengths, we obtain the simplified Hamiltonian
where resonance is achieved by tuning the laser frequencies to obtain ␦ϭϪl (l ϭmϪl). where C n ϭcos(gͱnϩ1), S n ϭsin(gͱnϩ1), is the duration of the laser pulses, and gϭ⍀. Finally, we note that it is possible to obtain the anti-Jaynes-Cummings Hamiltonian (l ϭϪ1) corresponding to the first blue sideband. However, for the purposes of the present paper we do not use this specific interaction that induces the transition ͉n,↓͘↔͉n ϩ1,↑͘.
III. SCULPTURE SCHEME "IDEAL CASE…
In this section we show how to transpose the projectionsynthesis technique from its original traveling-wave domain ͓7͔ to the context of the ionic trap ͑similar to Ref. ͓29͔ where the projection synthesis was applied to cavity QED phenomena͒. We assume the trapped ion to be initially prepared with its c.m. in a coherent motional state ͉␣͘, and in the electronic excited state ͉↑͘. Such a state, which can be prepared with techniques available nowadays ͓17,18͔, reads
with ⌳ n (0) ϭexp(Ϫ͉␣͉ 2 /2)␣ n /ͱn!. As the desired state is generated from a previous coherent state, we have denominated the present scheme a quantum state sculpture process ͑as originally done in ͓29͔͒. In fact, as shown below, our strategy consists of modeling the Wigner function of the desired state, through appropriate laser pulses, from that of the previously prepared motional coherent state in Eq. ͑8͒. The car- rier ͑C͒ and the JC laser pulses work as ''quantum chisels'' on the initial coherent distribution, as shown in the quantumalgorithm notation ͓36͔ depicted in Fig. 2 . In the domain of cavity QED, the quantum chisels are represented by twolevel Rydberg atoms that are made to interact resonantly with a coherent state initially prepared in a high-Q cavity ͓29͔.
The whole operation is accomplished in three-step cycles, requiring successively: ͑i͒ a carrier pulse C 1 , to prepare the electronic state in a suitable superposition, ͑ii͒ a first red sideband pulse JC, to entangle the ionic motional and electronic states, and, finally, ͑iii͒ a sequence of a carrier pulse C 2 and a fluorescence measurement of the ionic electronic state. The third step constitutes the projection synthesis, which enables us to synthesize the measurement of a particular superposition of the electronic state and, consequently, to synthesize the projection of the motional degree of freedom to the desired sculpted state. Thus, the projection-synthesis technique is here applied to both of the entangled degrees of freedom of the trapped ion, electronic, and motional ͑analo-gously, in the cavity QED domain we synthesized the simultaneous projection of the atomic and the cavity-field states ͓29͔͒. A fluorescent signal projects the ion into state ͉↓͘, while the absence of fluorescence projects it into state ͉↑͘. For the present purpose the absence of fluorescence is crucial in preventing the occurrence of recoil of the ionic c.m. motion. So, at the end of each cycle the detection of the absence of fluorescence is required for the successful accomplishment of the engineering process. We emphasize that the duration of the fluorescence measurement is an order of magnitude smaller than that of the JC pulse and about half that of a C pulse in experiments involving the usual parameter values ͓15͔. For a JC pulse, gϭ/2 and for a C pulse, ⍀ ϭ/2, the respective durations being around 2 s and 0.5 s, while the time for a fluorescence signal is around 0.2 s ͓37͔. We repeat this three-step cycle M times to synthesize an arbitrary desired state ͉⌿ d ͘ϭ͚ nϭ0 Considering the kth cycle of the sculpture process, let us start with the assumption that the ionic state after the (k Ϫ1)th cycle is
As the first step of the kth cycle we prepare, with the carrier pulse C 1 , the electronic state in the superposition
Ϫ1/2 and ␤ k is a complex parameter adjusted by pulse C 1 , fixed at an appropriate duration and phase of the carrier pulse ͓as in Eqs. ͑5a͒ and ͑5b͔͒. In the second step, the first red sideband pulse JC entangles the ionic motional and electronic states as
where C m
, k and k are the kth JC pulse duration and phase, respectively. Next, in the third step, we have to synthesize the projection of state ͑10͒ into a particular electronic superposition state ͑of the kth cycle͒ ͉
. The complex number k results from the kth rotation of the electronic states induced by the second carrier pulse C 2 . As a consequence of the absence of fluorescent signal ͑which is the case of a successful measurement͒, the ionic state after the projection synthesis is given by
The coefficients ⌳ n (k) result from those in Eq. ͑10͒ using the recurrence formula
where
and the normalization constant N k is given by
͑13͒
The pulse C 2 and the absence of fluorescence signal ͑detect-ing the state ͉↑͘) are needed in order to adjust the measurement of the special superposition ͉ (k) ͘, during which they play the role of electronic state ''polarizers'' and ''analyz FIG. 2. A quantum-algorithm notation ͓36͔ for the process of sculpting arbitrary motional states. The complex parameters ␤ k and k indicate rotations of the electronic states by the first and second C pulses, respectively, in the kth cycle and are adjusted by an appropriate choice of the duration and phase of the laser field following Eqs. ͑5a,b͒. U( k , k ) indicates the evolution operator for the kth JC pulse. At the end of each cycle the measurement of absence of fluorescence ͑projection on to ͉↑͘) is required for the successful accomplishment of the engineering process. The time proceeds from left to right, as usual.
ers,'' respectively-by analogy with light-polarization measurement-and allow us to analyze an arbitrary superposition of ͉↑͘ and ͉↓͘. Such a measurement ͓38͔ works as follows: The carrier pulse C 2 is appropriately adjusted so that the electronic state of the ion in the superposition ͉ (k) ͘ undergoes a unitary transformation to the state ͉↑͘. Otherwise, the electronic state evolves to ͉↓͘ if it was initially orthogonal to ͉ (k) ͘. After the carrier pulse C 2 a fluorescence measurement is required to project ͉↑͘ or ͉↓͘. In general, the electronic state after the JC pulse will be a superposition of these orthogonal states, so that in unsuccessful cases we find a fluorescence signal ͑detecting ͉↓͘), and in successful cases we do not ͑detecting ͉↑͘). Once we find the absence of fluorescence the electronic state in the kth cycle has been projected on the required superposition ͉ (k) ͘. Thus, the projection synthesis technique is able to measure observables of the form ͉ (k) ͗͘ (k) ͉, which represent projection operators with measurable eigenvalues associated with absence ͑detecting ͉↑͘) or presence ͑detecting ͉↓͘) of a fluorescent signal.
Here we stress an important difference between the present sculpture process and that used to prepare an arbitrary state in cavity QED ͓29͔. In the latter, the projection synthesis is achieved by measuring the required two-level Rydberg atoms ͑the quantum chisels for sculpting the field state͒, each in a particular superposition state, through a classical field and ionization chamber detectors. Hence, after the projection synthesis, the measured state of the kth atom is discarded, since it turns to be useless for the cavity QED process, whereas the electronic state of the ion, factored as ͉↑͘ in a successful event, is ready for the next cycle. Therefore, the motional state of the ion is sculpted by means of its own electronic states.
Since the projection of a particular electronic state in the M th cycle is supposed to finish the sculpture process, the following equality must be satisfied:
This approximation results in a nonunity fidelity for the sculpted state. Usually, the fidelity of a given quantum process is defined to account for the inevitable errors introduced by the environment due to dissipative mechanisms ͓30,31͔. However, as mentioned in the Introduction, in the domain of trapped ions it is assumed that the errors arise from noise due to fluctuations in the trap and laser parameters ͓22͔, and to treat this error source we consider the stochastic model proposed in ͓23͔, where just the intensity fluctuations of the laser pulses are considered. In this section we focus on the ideal case in which the fidelity is defined to account only for the errors introduced by the approximation (⌳ n M Ϸ0 for nуN d ϩ1) inherent in this sculpture scheme. So, this fidelity, which does not account for the errors introduced by the environment or fluctuations, reads
The total probability of successfully sculpting the desired state is Pϭ͟ kϭ1 M P k , where P k is the probability of synthesizing a particular electronic superposition,
2 , from the kth entanglement between motional and electronic states, Eq. ͑10͒. In other words, P k refers to the probability of measuring absence of fluorescence after the second carrier pulse in the kth cycle. This probability is given by
For an appropriate choice of average excitation of the coherent motional state, ͉␣͉ 2 ϭn ␣ , we see from the recurrence formula ͑12͒ and the definition of coefficients ⌳ n (0) , that the coefficients ⌫ n (M ) depend on powers of ␣, varying as ␣ j /ͱj!, with nϪM р jрnϩM . In fact, it is straightforward to conclude that, after one application of formula ͑12͒ the coefficients ⌫ n (M ) are proportional to
(M Ϫ1) ͖; after two applications of the formula it follows that
and after M applications we finally obtain
. Therefore, from the definition of ⌳ n (0) ͑initial coherent motional state͒, we note that ⌫ n (M ) depends on powers of ␣, as mentioned above, and the choice of the average excitation n ␣ that ensures P(N d ϪM ϩ1)ϭͦ͗N d ϪM ϩ1͉␣ͦ͘ 2 Ϸ0 ͑satisfy-ing the requirement that ⌳ n (M ) Ϸ0 when nуN d ϩ1) results in a higher fidelity F at the expense of a lower probability P. In fact, it is evident from the denominator of Eq. ͑15͒ that lower the number l in the sum of significant coefficients, the higher the fidelity. On the other hand, in Eq. ͑16͒ we observe that the probability P is directly proportional to powers of ␣. As a consequence, Eqs. ͑15͒ and ͑16͒ furnish a fidelityprobability rate, RϵF ,P , a cost-benefit estimate for sculpting the desired state, where the parameters and are appropriately chosen to weight the contributions of the fidelity and the probability in accordance with the aims of the sculptor. In fact, the sculptor may decide to privilege the fidelity or the probability in the cost-benefit estimative, and in the present work we have decided to privilege the fidelity, choosing the values ϭ4 and ϭ1/2. In order to maximize the rate R, we have to play with all the parameters: the durations and phases of the JC laser pulses, k and k , and the carrier pulse (C 1 and C 2 ) parameters ␤ k and k . We note that a good strategy to maximize R consists in starting with a choice of n ␣ so that P(N d ϪM ϩ1)Ϸ0, and then proceed to maximize the rate R, increasing n ␣ at the expense of the fidelity. Next, the duration and phase of the JC laser pulses k and k are chosen so as to maximize the rate R. Finally, the choice of the carrier pulse parameters, ␤ k and k , follows from a particular solution of the equality ͑14͒ that, together with the requirement ⌳ n (M ) Ϸ0 when nуN d ϩ1, results in the set of N d ϩ1 equations
To solve the set of Eqs. ͑17͒, we apply the recurrence formula ͑12͒ M Ϫ1 times in order to express the unknown coefficients ⌳ n (k) in terms of the known values of the coefficients of the coherent motional state, ⌳ n (0) . In this way we obtain a nonlinear system whose free parameters are ␤ 1 , . . . ,␤ M and 1 , . . . , M , which indicate the particular rotation the electronic state must undergo in each cycle, during each carrier pulse (C 1 and C 2 ). These variables are obtained from the known coefficients d n and ⌳ n (0) . The solvability of a nonlinear system can be ensured if the number of equations is equal to the number of variables, the latter being the parameters of both carrier pulses. One of the equations in system ͑17͒ has to be used to obtain the normalization constant ͟ kϭ1 M N k and each cycle carries two free parameters (␤ k , k ). Therefore, the minimum number of cycles necessary to guarantee the solution of system ͑17͒ must be M ϭint ͓(N d ϩ1)/2͔. This conclusion follows from the fact that in our scheme we start from a coherent motional state. The real variables 1 , 2 , . . . , M and 1 , 2 . . . M are used to improve the cost-benefit rate R.
With this technique, therefore, it is possible to sculpt an arbitrary vibrational state by remodeling another initial vibrational state. In particular, we have started from the coherent state since it is easily generated ͓18͔.
A. Sculpting a truncated phase state
To illustrate the sculpture technique we now proceed to engineer the truncated-phase state (N d ϭ2)
As mentioned above, the sculpture process for the state ͉⌿ d ͘ requires just M ϭ1 cycle, and we obtain from Eqs. ͑17͒ the system
Solving the above system we obtain a fourth-order polynomial equation in the variable 1 (␤ 1 ) by isolating the variable ␤ 1 ( 1 ) from one equation and substituting it into the other. In this way we obtain the roots of the system ͑19a͒ and ͑19b͒ for any fixed set of parameters n ␣ , g 1 and 1 . When considering more than one cycle to sculpt a state where N d Ͼ2, instead of Eqs. ͑19a͒ and ͑19b͒ we obtain a set of N d coupled equations, permitting only numerical solutions ͑ ͓29͔͒.
Following the strategy mentioned above, we start with the average excitation n ␣ leading to the highest fidelity resulting from P(3)ϭͦ͗2͉␣ͦ͘ 2 Ϸ0. For our purposes we begin with the average excitation n ␣ ϭ0.04 . For each value of n ␣ ͑choosing ␣ as a real parameter͒ we proceed to calculate the duration (g 1 ) and phase ( 1 ) of the JC laser pulse that maximize the rate R. As discussed above, the maximum value of R depends on the choice of the parameters ϭ4 and ϭ1/2, weighting F and P , respectively. In Table I we show the rate R associated with each value of n ␣ , from that which maximizes the fidelity (0.04) to values that exhibit a continuous decrease of the rate R. In addition, four roots ( 1 ,␤ 1 ) of Eqs. ͑19a͒ and ͑19b͒ result when a given pair of parameters (g 1 , 1 ) are fixed, and we have to choose the one that maximizes R. The value n ␣ ϭ0.25 results in the highest rate Rϭ0.60, which follows from a fidelity F ϭ0.99 and probability Pϭ0.38 of successfully sculpting the desired state. We display in Figs. 3͑a͒ and 3͑b͒ the sculpture process of the desired truncated phase state ͑18͒ from the Wignerdistribution function of the initial coherent state ͑associated to n ␣ ϭ0.25) given by a Gaussian shifted from the origin as
W(p,q)ϭ(2/)exp͓Ϫ(qϩ␣)
2 Ϫp 2 ͔, shown in Fig. 3͑a͒ . The state ͑associated with the best rate Rϭ0.60) obtained after one cycle is displayed in Fig. 3͑b͒ , using the parameters (g 1 , 1 , 1 and ␤ 1 ) associated with this rate. As we have stressed above, it is possible by the present scheme to sculpt the desired state with a higher probability of sucess but at the expense of a smaller fidelity. So, the sculpture technique can be evaluated by a cost-benefit estimate, here defined as the fidelity-probability rate, which is up to the sculptor to choose.
The next section deals with the effects of noise on the sculpture process, i.e., the influence of the errors arising from the intensity fluctuations in the exciting laser pulses. In this paper we do not consider either the ͑weaker͒ effects of the phase fluctuations of the laser pulses ͓23͔ or the ͑close to unity͒ efficiency of detection of the internal state required in the third step of the cycle ͓22͔. When the effects of noise on the sculpture process are taken into account, following the phenomenological-operator approach, the fidelity defined by Eq. ͑15͒ remains exactly the same, whereas the sculpt field state, after the last-required cycle, will be entangled with auxiliary states in which noise operators are defined. So, to the best of our knowledge the sculpted motional state will be represented by a statistical mixture ion , whereby the fidelity turns out to be
IV. EFFECTS OF NOISE ON THE PROCESS
As mentioned above, we consider here the noise arising from the intensity fluctuations in the exciting laser pulses ͑carrier and Jaynes-Cummings͒ required to manipulate the internal and external states of the trapped ion ͓23,28͔. We will also propose an alternative way of engineering an ionic motional state in the presence of noise, which consists in maximizing the fidelity of the experimentally achieved state. A phenomenological-operator approach, originally developed in the context of cavity QED ͓30,31͔, will be considered here to account for the evolution of the ionic states under the influence of the fluctuating-intensity laser pulses. The strategy is to provide a straightforward technique to incorporate the main results obtained by standard ab initio methods for treating errors in trapped ions ͑in particular we consider the master-equation calculations in Ref. ͓23͔͒. In short, we introduce an auxiliary state space where noise operators are defined to allow for the effects of noise explicitly in the evolution of the state vector of the whole system comprehended by the ionic and auxiliary states. After computing the evolved state of the whole system, the reduced-density matrix of the ionic system can immediately be obtained by tracing out the auxiliary variables. The phenomenological approach is constructed so that the reduced-density matrix turns out to be exactly the same as the one obtained by standard methods. It is interesting to note that the phenomenological approach resembles the Monte Carlo wave function method ͓39͔ in the sense that we work directly with the wave function, providing an efficient computational tool.
First we give a short description of the master-equation treatment by Schneider and Milburn ͓23͔ of the laser fluctuations as a stochastic process, the rise or fall of the laser intensity being defined as a real Wiener process. After the pulses required to generate the desired state, the noise introduced is effectively averaged and the master equation describing the ionic system follows from the stochastic Liouville-von Neumann equation ͓23͔ 
where Ĥ is the interaction Hamiltonian for the C ͑4͒ or JC ͑6͒ pulse and the parameter ⌫, to be obtained phenomenologically, scales the noise. Considering the subspace composed of the eigenstates of Ĥ , it is straightforward to solve Eq. ͑20͒, obtaining
where ͉⌽ m Ϯ ͘ are the eigenstates and ⌽ n Ϯ are the eigenvalues for the interaction Hamiltonian described by Eqs. ͑4͒ and ͑6͒. For the C Hamiltonian,
while for the JC Hamiltonian,
Employing the reasoning of the phenomenologicaloperator approach, we have introduced the noise operators Ĉ and Ĵ , to account for the intensity fluctuations in the C and the JC pulses, respectively. These operators are supposed to act on the auxiliary states ͉C͘ and ͉J͘, so as to the effects of noise explicitly in the evolution of the whole system, now composed of the ionic and auxiliary states. After the ionlaser interactions required for the sculpture process, the reduced-density operator of the ion is obtained by tracing out the auxiliary space describing the noise sources.
With the noise operators defined in the auxiliary spaces, we observe that the coupling of a general ionic state to the fluctuating C laser pulses evolves in time as,
while for the JC pulse it follows
͑23͒
Following the reasoning of the phenomenological approach, the matrix elements ͗C͉Ĉ n, jk (t,)Ĉ n ͉ j ͉ k ͉ † (t,)͉C͘ and
and k,k ͉ ϭ↑,↓), which result from tracing the density operator associated with Eqs. ͑22͒ and ͑23͒ over the auxiliary with those emerging from the evolution in Eq. ͑21͒ of the density matrix associated with the state ͚ n (␣ n ͉n↓͘ϩ␤ n ͉n↑͘), we obtain the required matrix elements shown in Appendix A. Such matrix elements can now be directly applied to any process that involves interactions of an ion with fluctuating-intensity laser pulses, removing the necessity to perform the typically extensive ab initio calculations. In the case of a process requiring several laser pulses ͑as when sculpting a state with a large N d ) it turns to be practically prohibitive to compute the evolution of the ionic system by standard techniques.
A. Estimating the errors introduced by C and JC pulses
Let us now consider the initial state ͉ C (0)͘ϭ͉ JC (0)͘ ϭ͉n,↓͘, which evolves, in the ideal case ͑without fluctuations͒, following Eqs. ͑5b͒ and ͑7b͒ for carrier and JaynesCummings pulses, respectively:
where t and are the duration and phase for both pulses. Now, given realistic intensity fluctuations in the laser pulses, the evolution of states ͉ c (0)͘ and ͉ JC (0)͘ is easily computed with the phenomenological approach, leading to the results
The reduced-density operator of the ion ͑obtained by tracing out the auxiliary spaces C and J) are
From the matrix elements shown in Appendix A and after a straightforward calculation we obtain the following fidelities of the evolved states ͉ C (t)͘ and ͉ JC (t)͘ with respect to the ideal evolution of ͉ C (0)͘ and ͉ JC (0)͘
for carrier and Jaynes-Cummings pulses, respectively. Note that for ⌫ϭ0 we have F c ϭF JC ϭ1, as expected. Besides, for nϭ0 we have F JC ϭ1 since the intensity fluctuations in the JC pulse do not exchange energy with the ionic system, maintaining the initial state ͉nϭ0,↓͘ unaffected. As defined in Sec. II, gϭ⍀, and the Lamb-Dicke parameter used in experiments is ϭ0.202 ͓15͔; thus, the noise introduced by the JC pulse has less effect than that coming from the C pulse for n Շ25. Thus, when sculpting the phase state ͑18͒ or in any process involving a small number of phonons, such as engineering a motional qubit state c 0 ͉0͘ϩc 1 ͉1͘ for quantum computation, as performed in ͓40͔, the main source of errors will undoubtedly be the C pulses.
B. Sculpting a truncated phase state in the presence of noise
Now we proceed to incorporate the intensity fluctuations of the laser pulses used in sculpting the truncated-phase state ͑18͒ that is obtained after one cycle of the sculpture process. We assume, for simplicity, that there is no noise in the preparation of the initial coherent motional state of the ion. After the preparation of such a motional state and the first-carrier pulse it follows that
where t 1 is the duration of the first-carrier pulse and C 1 stands for its auxiliary space. To simplify the notation we have omitted that the operator Ĉ depends on the phase 1 of the C laser pulse. Note that in this first step the required superposition of the electronic state N ␤ (͉↑͘ϩ␤ k ͉↓͘) is obtained with a nonunity fidelity due to laser fluctuations. In the second step, the first red sideband pulse JC entangles the ionic motional and electronic states as
where t 2 and 2 are the duration and phase of the JC laser pulse. Finally, after the second C pulse we have
with t 3 and 3 standing for the duration and phase of the second C laser pulse. In the absence of fluorescence signal, the above entangled state ͉ III ͘ evolves to
and tracing out the auxiliary spaces C 2 ,J and C 1 , the ionic reduced-density matrix follows
where the coefficients n,m are given in Appendix B and the normalization constant reads Nϭ( ͚ nϭ0 ϱ n,n (t 1 ,t 2 ,t 3 )) Ϫ1/2 . The probability of detecting absence of fluorescence is P ϭ1/N 2 and the fidelity of the sculpted mixed state is given by
͑26͒
We stress that in the present situation we do not have a system of nonlinear equations as in Eq. ͑17͒. However, the best parameters ͑average excitation of initial coherent state, interaction times, and phases of the pulses͒ to reach the desired state are determined by numerical maximization of the fidelity expression in Eq. ͑26͒, as shown below.
V. ALGORITHM FOR OPTIMIZING THE FIDELITY OF A SCULPTED STATE
We begin by stressing that there is a crucial difference between the sculpture scheme for the ideal case, described in Sec. III, and for the realistic situation with the effects of noise, described in the previous section. In fact, in the protocol proposed in Sec. III, it is necessary to solve a nonlinear system of equations for ␤ k and k , which arise from the recurrence equations relating the amplitudes ⌳ k (n) . On the other hand, when taking into account the intensity fluctuations in the laser pulses, there is no immediate way to extract useful information from a recurrence relation for the operators Ĉ n, jk (t 1 ), Ĵ n, jk (t 2 ), and Ĉ n, jk (t 3 ) (nϭ0,1,2 . . . , j ϭ↑,↓ and kϭ↑,↓) associated with each required cycle. Thus, the first question that arises is how can this problem be overcome? We propose the following solution: consider a specific desired motional state to be sculpted and calculate the fidelity of the sculpted-mixed state ͑26͒. The resulting expression for the fidelity is considerably involved and a numerical calculation must be performed to obtain the values t i and i (iϭ1,2,3) that maximize the fidelity-probability rate RϵF P . Starting then from the average excitation n ␣ that leads to the highest fidelity deduced in the ideal case, we proceed by numerical optimization to find the value of n ␣ that maximizes the rate R. Following this procedure, to sculpt the phase state ͑18͒ under the effects of noise, we find that n ␣ ϭ0.25 ͑coincidently the same value as in the ideal case͒ results in a highest rate Rϭ0.64, which follows from a fidelity Fϭ0.91 and probability Pϭ0.86 of measuring absence of fluorescence. Figure 4͑a͒ displays the Wigner-distribution function for the desired state ͑18͒, which is to be compared with the Wigner function in Fig. 3͑b͒ for the sculpted state in the ideal case, with fidelity Fϭ0.99. Figure 4͑b͒ displays the mixed state sculpted in the presence of noise using the same parameters ␤ 1 and 1 of Fig. 3͑b͒ . By comparing both figures we see that the interference terms leading to negative contributions in Fig. 4͑b͒ have diffused into each other and practically cancel out in Fig. 4͑b͒ , which correspond to F FIG. 4. Wigner-distribution functions for ͑a͒ the desired-phase state given in Eq. ͑18͒, ͑b͒ the mixed state sculpted in the presence of noise using the same parameters ␤ 1 and 1 of Fig. 3͑b͒ (F ϭ0.85 and Pϭ0.40) , and ͑c͒ the mixed state sculpted through our numerical optimization procedure using the set of parameters ⍀t 1 ϭ0.56, 1 ϭ5.48, gt 2 ϭ0.75, 2 ϭ1.40, ⍀t 3 ϭ1.88, and 3 ϭ1.43 associated with Fϭ0. 91, Pϭ0.86, and Rϭ0.64. ϭ0.85 and Pϭ0.40. Finally, Fig. 4͑c͒ displays the mixed state sculpted through our numerical optimization procedure. The fidelity and probability, Fϭ0.91 and Pϭ0.86, respectively, resulting from our optimization procedure are considerably higher than those obtained for the mixed state in Fig.  4͑b͒ . It is worth noting that although the Wigner distribution in Fig. 4͑b͒ seems to be closely to the distribution in Fig.  4͑a͒ than that in Fig. 4͑c͒ , the optimized-mixed state possesses a higher fidelity, which is just a measure of the distance between the vectors representing the desired and obtained states in Hilbert space and cannot be inferred from the Wigner function ͑see discussion in Appendix C͒.
To 
VI. CONCLUSION
In this work we present a technique to engineer arbitrary ionic motional states employing projection synthesis. This method consists of sculpting the desired motional state from a coherent motional state previously prepared in the ionic trap. The sculpting of arbitrary states from a coherent superposition by projection synthesis was previously developed in the cavity QED domain ͓29͔. However, here we take advantage of the facilities in manipulating trapped ions to make the sculpture process even more attractive for experimental implementation. As in the cavity QED context, instead of requiring N laser pulses to generate an arbitrary motional state with a maximum number of phonons equal to N ͓10͔, our technique utilizes just M ϭint͓(Nϩ1)/2͔ pulses.
The sculpture scheme was also developed for the realistic situation of intensity fluctuations in the required laser pulses. In this connection, a phenomenological-operator approach developed recently to account for errors in complex quantum processes was applied ͓30,31͔. This approach furnishes a straightforward technique to estimate the fidelity resulting from the engineering process, without the need to perform the usual extended ab initio calculations required by standard methods. The reasoning behind the phenomenological approach developed here is to incorporate in a concise algebraic form the main results obtained from the application of the master equation ͑to the effects of noise arising from the intensity fluctuations in the laser pulses͒ as done in Ref. ͓23͔ . By defining an auxiliary state space where phenomenological operators are defined, we account for the effects of noise explicitly in the evolution of the state vector of the whole system comprehended by the ionic and auxiliary states. After computing the evolved state of the whole system, we can immediately obtain the reduced-density matrix of the ionic system by tracing out the auxiliary variables. We stress that the results obtained here from the phenomenological procedure are quite general, and, in principle, can be applied to any quantum process in an ionic trap, such as quantum communication, logic operations, and teleportation.
As an application of the technique for sculpting an arbitrary motional ionic state, combined with the phenomenological approach to the analysis of the effects of noise in the process, we have computed the fidelity for modifying a truncated-phase state. We assumed realistic values for the parameters involved. Moreover, we have proposed an algorithm to optimize the fidelity of a sculpted state in the presence of noise. This algorithm consists in maximizing the fidelity of the sculpted state ͑subjected to noise͒, with regard to the desired state through a convenient choice of the parameters involved in the process. We have also shown, through the phenomenological approach, that the noise introduced by the Jaynes-Cummings pulse has less effect than that coming from the carrier pulse for a number of phonons n Շ25. Thus, whether for sculpting a motional state or for any other process involving a small number of phonons, such as engineering a motional qubit state c 0 ͉0͘ϩc 1 ͉1͘ for quantum computation, as performed in ͓40͔, the main source of errors will undoubtedly be the carrier pulses. where 1 , 2 , and 3 are the laser pulse phases for the first carrier, the Jaynes-Cummings, and the second carrier pulses, respectively. Note that, for ⌫ϭ0 we obtain from the above expressions the expected results without noise.
APPENDIX C
In this appendix we show that a higher fidelity of the sculpted state, with regard to the desired state, does not implicate that the shape of the Wigner-distribution function of such sculpted state must be close to that of the desired state.
We start by showing that for a desired state ͉⌶͘ there is an infinite set of the sculpted states ͉⌳ ͘ with the same fidelity Fϭͦ͗⌳ ͉⌶ͦ͘ 2 , the label standing for a continuous real parameter or a set of continuous real parameters to be defined below. In order to simplify our discussion we consider a desired vibrational state in the two-dimensional Fock space ͕͉0͘,͉1͖͘: ͉⌶͘ϭ(͉0͘ϩ͉1͘)/ͱ2. function, depicted in Fig. 7 , whose shape seems to be close to that in Fig. 6͑a͒ than those in Figs. 6͑b,c͒, although its fidelity is smaller than 0.933.
When considering the truncated-Fock space with more than two dimension, say ͕͉0͘,͉1͘,͉2͖͘, it follows a set of two real parameters for describing the set of states in a sphere of R 4 , and so on. Finally, we mention that our optimization protocol described in Sec. V is based on the maximization of the above-defined fidelity, the overlap between the sculpted and the desired state, which represents a particular measure of distance between vectors in Hilbert space, and cannot be inferred from the Wigner-distribution function.
